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Abstract

A deterministic model has been developed that describes the throw of debris or fragments from a source with an arbitrary geometry

and for arbitrary initial conditions. The initial conditions are defined by the distributions of mass, launch velocity and launch direction.

The item density in an exposed area, i.e. the number of impacting debris or fragments per unit of area, has been expressed analytically in

terms of these initial conditions. While existing models make use of the Monte Carlo technique, the present model uses the source

function theorem, an underlying mathematical relation between the debris density and the initial distributions. This gives fundamental

insight in the phenomenon of throw, and dramatically reduces the required number of trajectory calculations.

The model has been formulated for four basic source geometries: a point source, a vertical cylinder, a horizontal cylinder, and a

vertical plane. In combination with trajectory calculations the item density can be quantified. As an illustration of the model, analytical

results are presented and compared for the vertical plane and the vertical cylinder geometry under simplified assumptions.

If uncertainties exist in the initial conditions, the model can be used to investigate these initial conditions based on experimental data.

This has been illustrated on the basis of a trial with 5 ton of ammunition stacked in an ISO container. In this case the model has been

successfully applied to determine the debris launch angle and velocity distribution, by means of backward calculations. If, on the other

hand, sufficient information on the initial conditions is available, the model can be used as an effect model in risk assessment methods, or

for the requirements on protective measures. The model can be used to predict safety distances based on any desired criterion.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The throw of debris and fragments is often the most
dominant effect in explosion events. In case of deliberate
explosions like those of ammunition shells, fragment throw
determines the weapon effectiveness. In case of accidental
explosions, like those in ammunition magazines and
industrial explosions, the throw of debris plays an
important role in the explosion hazard and consequently
the required safety distances. As a result, the understanding
and quantification of throw is of practical importance.

The initial conditions for throw are defined by the
distributions of the mass, launch velocity and launch
direction. These conditions are determined by a broad
range of complex physical phenomena. Examples are the
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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fragmentation process in case of (stacks of) ammunition
shells, the break-up process of concrete buildings, and
vessel rupture which is typical for industrial explosions. In
general, the failure process is determined by the explosion
load on the structure in relation to its strength. This
process results in distributions of mass and launch
direction. The subsequent acceleration by the expanding
reaction products largely determines the distribution of
launch velocities. This is accompanied by pressure relief as
a result of the increasing vent area between the accelerating
items.
These initial distributions are the required input for

throw models. Most existing throw models make use of a
Monte Carlo technique. Predefined distributions are
sampled to obtain the initial conditions for a large number
of trajectory calculations. The calculations result in a
collection of impact locations in the field. An example of
such a model is MUDEMIMP, a module within the
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Fig. 1. Schematic overview of the source variables, the trajectories, and

the field variables.
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DISPRE code [1,2,3] for debris hazard prediction of
ammunition magazines. A similar approach is taken with
SPLIT-X [4], an expert system for the design of fragmenta-
tion warheads [5]. Another approach has been taken by
Birnbaum [6] and Glanville [7], where debris dispersion
from an ammunition magazine is simulated with the hydro
code ANSYS AUTODYN [8].

The aim of the present study is to present the concept of
a universal throw model, and its applications. The basis is
the source function theorem, an underlying mathematical
relation between the item density and the initial distribu-
tions [9,10]. The theorem is described in Section 2, together
with the application to four basic geometries. In Section 3
analytical results are presented and compared for the
vertical plane and the vertical cylinder geometry under
simplified assumptions. Guidance on realistic initial
distributions for a variety of explosion types is given in
Section 4. In Section 5 the point source geometry is used to
simulate a trial with 5 ton of ammunition stacked in an ISO
container. The consequences of throw are discussed in
Section 6, and conclusions are drawn in Section 7.
2. The source function theorem

2.1. Definition of the problem

A source area is defined which contains N items that will
participate in the throw. The items obey a mass distribu-
tion which is discretized in K mass classes with populations
Nk (k ¼ 1,y,K):

N ¼
XK

k¼1

Nk. (1)

The average mass within each mass class is denoted as
mk (k ¼ 1,y,K). The total mass M that participates in the
throw can then be expressed as

M ¼
XK

k¼1

Mk ¼
XK

k¼1

Nk �mk. (2)

The mass M is not necessarily equal to the total mass
initially present at the source area. In case of weak
explosions like small quantities of high explosives [11],
and gas- and dust-explosions [12], often only partial break-
up occurs.

It is assumed that every mass class has a specific initial
velocity u0,k (k ¼ 1,y,K).

The initial throw direction is described by two source

variables. The primary source variable s1 determines the
trajectory properties. Examples are the initial elevation
angle, and the initial height. The secondary source variable
s2 does not influence the trajectory properties but does
influence the distribution of items in the exposed area.
Examples are the azimuthal angle (angle in the horizontal
plane) or a position along the source. This is illustrated in
Fig. 1.
The distribution of items as a function of the source
variables is defined by the source function nk(s1,s2) [9,10].
This source function is restricted by the ‘conservation of
items’, expressed mathematically asZZ
source

nkðs1; s2Þ � Jsourceðs1; s2Þ � ds1 � ds2 ¼ Nk. (3)

Jsource is the ‘Jacobian’ of the source variables, and takes
the curvature of the source variables into account.
Integration has to be carried out over all relevant values
of the source variables and results in the number of items in
mass class k. If the source function fulfils this requirement
it is called ‘normalized’.
The exposed area is described by two field variables.

The first is called the primary field variable s3. Examples
are the radial or linear distance to the source. The
secondary field variable is equal to the secondary source
variable s2.
The source variables are coupled to the field variables by

means of trajectory calculations, determined by gravity and
drag [13]. Trajectory calculations are carried out for a
range of values for the primary source variable s1, and
result in impact distances (s3). These results are combined
in a function s1(s3), which can be obtained by interpolation.
This function plays a key role in the determination of the
item density.
The trajectory calculations also give the impact angles

and impact velocities as output. From the item density and
the impact angle, the number of hits per mass class on an
object with given dimensions can be calculated. On the
basis of the item mass and impact velocity, the con-
sequences of throw, such as the probability of lethality or
damage level, can be estimated. These steps are shown
schematically in Table 1, and are described in Section 6.

2.2. Derivation of the source function theorem

The item density is defined as the number of impacting
items per unit of area, and can be formulated mathema-
tically as follows:

Fkðs2; s3Þ ¼ lim
DA!0

Nk;DA

DA
. (4)

The element of area DA can be expressed in the field
variables (from s2 to s2+Ds2, and from s3 to s3+Ds3):

DA ¼ Jfieldðs2; s3Þ � Ds2 � Ds3. (5)
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Table 1

Schematic overview of the model

Source Trajectories Exposed area Derived quantity 1 Derived quantity 2 Derived quantity 3

Source function (1/dim(s1-s2)) s1-s3 Impact distances (m)

s3

Item density (#/m2)

Fk(s2,s3)

Number of hits

Nhits

Consequences

(Probability of

lethality/damage level)

nk(s1,s2) s1(s3)
Mass classes (kg) mk ds1/ds3 Impact angle (rad)

aI,k(s3)
Velocity classes (m/s) uo,k Impact velocity (m/s)

uI,k(s3)
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Jfield is the ‘Jacobian’ of the field variables, and takes
curvature of the field coordinates into account. When s3
increases with s1 the number of items impacting at DA can
be written as

Nk;DA ¼

Z s2þDs2

s2

Z s1ðs3þDs3Þ

s1ðs3Þ

nkðs
0
1; s
0
2Þ � Jsourceðs

0
1; s
0
2Þ � ds01 � ds02

(6)

Eqs. (5) and (6) are inserted in the definition of the item
density (4), and the limit is taken ðDs2 ! 0;Ds3! 0Þ. This
results in

Fkðs2; s3Þ ¼ nkðs1ðs3Þ; s2Þ �
Jsourceðs1ðs3Þ; s2Þ

J fieldðs2; s3Þ
�
ds1

ds3
. (7)

The item density scales with the source function, the
ratio of the ‘source Jacobian’ and the ‘field Jacobian’, and
the first derivative of the primary source variable with
respect to the primary field variable.
2.3. Application to four basic geometries

Eq. (7) has been applied to four basic geometries, which
are defined in Table 2 together with some notes on the
applications.

For a specific case one has to identify the relevant source
geometry and the primary source variable, i.e. the main
distribution variable for the throw. In the case of high
explosives in ammunition magazines, impact distances are
typically very large in relation to the magazine dimensions.
In this case, the magazine can be considered as a point
source with the elevation angle as the primary source
variable. In the case of throw from a cylindrical silo wall
due to a severe dust explosion, impact distances are
comparable to the silo dimensions. In this case, the height
along the silo wall should be chosen as the primary source
variable, and the silo has to be modeled as a linear source
(vertical cylinder).

The results for the four basic geometries are tabulated in
Table 3. In the fourth column the item density is expressed
in its most general form. Up to this point no assumptions
have been made with respect to the source function.

If the elevation angle a is the primary source variable, the
function a(r) or a(x) is not single-valued [9]. This is caused
by the fact that in general there are two launch angles that
result in the same impact distance. Fig. 2 illustrates the
contributions from low launch angles (alow(r)) and high
launch angles (ahigh(r)). In the case of an ammunition
magazine debris throw from walls is determined by the low
angle branch, while for roof debris it is determined by the
high angle branch.
In the derivation of Eq. (7) it is assumed that s3 increases

with s1. This requirement is fulfilled for the low angle debris
(i.e. dalow=dr40). The opposite holds for high angle debris
(i.e. dahigh=dro0). As a result, for high angle contributions
a minus sign has to be added to the equations for the item
density in Table 3.
3. Homogeneous throw from a vertical plane and a vertical

cylinder

When the source function is independent of the source
variables, the throw is called ‘homogeneous’, and the
source function is equal to a constant. The value of
this constant follows directly from the ‘conservation
of items’ (3). Results for this constant and the item
density for this case are given in the fifth and sixth column
of Table 3.
In this paragraph the model is illustrated with the

simplified situation of homogeneous throw from a vertical
plane and from a vertical cylinder. The focus is on a specific
mass class ‘k’ with mass mk and initial velocity u0,k . It is
assumed that mk is sufficiently large, and u0,k is sufficiently
small, so the drag force in the trajectory calculations can be
neglected. In that case, the equations of motion can be
solved analytically.
This is typically the case for debris throw due to a dust

explosion in a reinforced concrete silo [12]. As an example
Fig. 3 shows the situation after a series of dust explosions
in a grain facility in Blaye (France) [14].
For the two basic geometries mentioned, a rather simple

expression for the item density can be obtained. For a
vertical cylinder with diameter D and height H the
following result is obtained:

FkðrÞ ¼
Nk � g

2 � p �H � u2
0;k

� 1�
D

2 � r

� �
, (8)
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Table 2

Definition of the four basic geometries and notes on the application

Source geometry Primary source variable

s1
Secondary source/field

variable s2
Primary field variable s3 Illustration Application

Point source (spherical) Elevation angle (a) u
0

r

α

β

β

h

Requirement

Azimuthal angle (b) - Impact distancescsource

dimensionRadial distance (r)
Examples

- Ammunition shell

- Ammunition storage (magazine,

stack)

- Industrial storage (building,

vessel)

Linear source (vertical cylinder) Initial height (h)

u0

r

hi

hi + H

u
0

h

D

β

β

Examples

Azimuthal angle (b) - Vertical ammunition shell (close-

in)Radial distance (r)
- Industrial storage (silo building,

vertical vessel)

Linear source (horizontal cylinder) Elevation angle (a)

x

y

u

α

0 u0

hi

L

Examples

Position (y) - Horizontal ammunition shell

(close-in)Linear distance (x)
- Industrial storage (cylindrical

roof, horizontal vessel)

Area source (vertical plane) Initial height (h) h

x

u
0

u
0

h

y

Dx /2

hi + H

hi

Dy 

Examples

Position (y) - Ammunition magazine (close-in)

Linear distance (x) - Industrial storage (silo building)
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Table 3

The item density for the four basic geometries

Source geometry Source Jacobian

Jsource(s1(s3),s2)

Field Jacobian

Jfield(s2,s3)

Item density

(general) Fk(s2,s3)

Source

function ¼ homogenous

(constant) ¼ Ck

Item density

(homogeneous)

Fk(s3)

Point source (spherical) cosðaðrÞÞ r nk ðaðrÞ;bÞ cosðaðrÞÞ
r

da
dr

Nk
4�p

Ck cosðaðrÞÞ
r

da
dr

Linear source (vertical cylinder) 1 r nk ðhðrÞ;bÞ
r

dh
dr

Nk
2�p�H

Ck
r

dh
dr

Linear source (horizontal cylinder) 1 1 nkðaðxÞ; yÞ � dadx
Nk
2�p�L

Ck �
da
dx

Area source (vertical plane) 1 1 nkðhðxÞ; yÞ � dh
dx

Nk
Dy �H

Ck
dh
dx

Results are tabulated for a general source function (4th column), and for a homogeneous source function (6th column).
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Fig. 2. Illustration of low and high angle contributions. The black curve

represents the launch angle as a function of impact distance. The shaded

areas indicate the relevant launch angles for wall and roof debris from an

ammunition magazine.

Fig. 3. The Blaye accident (1997). After a series of dust explosions a large

number of silo cells were totally destroyed.
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with rðhiÞprprðhi þHÞ, and

rðhÞ ¼
D

2
þ u0;k �

ffiffiffiffiffiffiffiffiffi
2 � h

g

s
.

This relation describes a ring-shaped throw pattern
(Fig. 4) with an item density that slowly increases with
distance (Fig. 5).

For a vertical plane with width Dy, and height H the
following result is obtained:

FkðxÞ ¼
Nk � g

Dy �H � u
2
0;k

� x�
Dx

2

� �
, (9)

with xðhiÞpxpxðhi þHÞ, and 0yDy, and

xðhÞ ¼
Dx

2
þ u0;k �

ffiffiffiffiffiffiffiffiffi
2 � h

g

s
.

This relation describes a throw pattern with a rectan-
gular shape located in front of the vertical plane (Fig. 4),
with an item density that increases linearly with distance
(Fig. 5).

The item density has been compared for the vertical
cylinder and a composition of four vertical planes. In both
cases an initial height hi of 5m and a wall height H of 40m
was chosen. In Fig. 5 the debris density has been scaled
with the total number of items Nk. Results are shown for
three different initial velocities.

From Fig. 5 it can be seen that the item density for the
vertical cylinder is generally much smaller than that from
the vertical planes, since the same number of items is
spread over a larger area. While item distances increase
with initial velocity, the item density decreases. The width
of the throw pattern increases with initial velocity.

4. Realistic initial distributions

The quality of the model predictions is largely deter-
mined by the quality of the initial distributions. The
simplified assumption of homogeneous throw, made in the
previous paragraph, is in most practical situations not
valid. In general, the distributions of mass, launch velocity
and launch direction can be determined from experimental
data or from numerical calculations. For a number of
specific explosion types, the determination of the initial
distributions is discussed.
For bare quantities of high explosives in ammunition

magazines empirical relations for the distributions
have been derived within the Klotz Group [15–21].
Those relations are based on debris pick-up data from
a collection of large-scale trials, and depend on load-
ing density and wall thickness. The cumulative debris
mass distribution was found to decay exponentially with
debris mass. The initial debris velocity also decreases
with debris mass around a typical velocity; the debris
launch velocity (DLV). This relation has been based on
backward calculations. The launch angle distribution
was found to be a rather sharp Gaussian distribution
centered around a direction close to the wall normal
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direction. The addition of the new Sci Pan 3 trial to the
database was recently reported [10]. The relations are
currently being implemented in a software code, the KG-
Engineering Tool [16].

For single ammunition shells a large amount of
information is available on the initial distributions. As a
first order approximation the Gurney formula can be used
for the initial velocity and the Mott distribution for the
fragment mass [22–24]. More detailed information can be
found in so called JMEM (Joint Munitions Effectiveness
Manual) data [25]. With codes such as SPLIT-X [4], the
initial distributions can be obtained for a shell with an
arbitrary shape [5]. The source function is altered by the
shell impact angle and impact velocity which can be
determined by codes such as PRODAS V3 (projectile
design and analysis system) [26]. For ammunition shells in
storage (stacks) the amount of information is limited. The
current model has been used to analyze the initial
conditions for a stack of 5 ton of ammunition which is
reported in Section 5.
For industrial explosions such as bursting pressure
vessels, internal gas explosions, runaway reactions, and
BLEVE’s (boiling liquid expanding vapor explosions)
guidance can be found in the PGS02 [27], referred to as
the ‘Yellow Book’. In this reference a number of methods
are discussed to estimate the number of fragments, their
mass and initial velocity.

5. Application to the 5 ton trial

In this paragraph the application of the model to a trial
with 5 ton of ammunition stacked in an ISO container is
discussed. During this trial [28] 299 vertically placed 8’’
M106C1 shells were detonated in a 20 ft ISO freight
container. An illustration is shown in Fig. 6. The shells had
a total equivalent charge weight of 5000 kg TNT.
After the detonation, all fragments were collected:
–
 with a mass larger than 100 g,

–
 at distances larger than 60m from ground zero, and

–
 in half of the 36 radial sectors (of 101 each).

5.1. Mass classes

Assuming symmetry, the total number and mass of the
collected fragments is multiplied by 2 to give 34.290
fragments with a total mass of 7.584 kg. This mass is equal
to 32% of the total initial steel mass. The remaining 68%
was either deposited within a distance of 60m to ground
zero or thrown out in fragments smaller than 100 g. In the
current simulations the fragments are represented by the
average mass of the collected fragments (0.23 kg), i.e. one
mass class was defined.

5.2. Source function

On all four sides of the container, barricades were
present, effectively blocking of fragments with launch
angles up to typically 10–151 measured from ground level.
Furthermore, 223 of the 299 shells were present in the bulk
of the stack and their fragments are forced in upward
direction. In the current simulation the stack is modeled as
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Fig. 6. An overview of the 5 ton trial. The 20 ft container with barricades (left). The internal of the 20 ft container with 299 M106C1 shells in vertical

position (right).
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a point source with a Gaussian distribution of fragments
over the launch angles. The distribution is assumed to be
independent of the azimuthal angle. The average direction
of fragments is upwards and the standard deviation has
been varied. The normalized source function has been
plotted in Fig. 7 for three standard deviations.

5.3. Velocity

For a single M106C1 shell, an initial fragment velocity of
942m/s is reported [24]. For multiple closely stacked shells,
the initial velocity of the leading fragments increases
rapidly with the number of shells and reaches a maximum
of approximately 2 times the initial ‘single shell’ velocity
(�1900m/s) for more than about 10 shells.

A Gurney analysis has been carried out with respect to
the complete stack. In this analysis the stack is modeled as
a ‘flat sandwich’ geometry [22]. An initial fragment velocity
of 1760m/s is obtained, which has to be interpreted as an
average velocity. Experimental investigations confirm the
occurrence of such high velocities [29], but also show a
strong dependency on the launch angle. According to these
investigations the velocity in the more relevant upward
(nose) direction appears to be significantly lower in
magnitude (�700m/s for single shells and �1300m/s for
stacks). In the current simulations the initial velocity has
been varied.

5.4. Trajectory calculations

A number of 180 trajectory calculations have been
carried out for launch angles from the horizontal (01) to the
vertical direction (901). The shape of the fragments is
assumed to be cubical, and a Mach number dependent drag
coefficient based on experimental data [30,31] is used. In
Fig. 8, the result for the fragment distance versus the
launch angle is shown for an initial velocity of 1300m/s.
The curve shows a maximum at a launch angle of about
201, which is a typical value for high velocity fragments.
Note that for the geometry of the 5 ton test, only launch
angles close to 901 are relevant.

5.5. Results

The resulting fragment density has been plotted together
with the experimental result in Fig. 9. The red curve
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(standard deviation 6.81) shows excellent agreement with
the experimental results up to 800m. The small deviations
above this distance are believed to be caused by some
individual ‘low angle’ fragments that accidentally passed
the barricades. The results for the other two standard
deviations are shown to illustrate the large sensitivity to
this parameter.

The quality of the model prediction has been determined
with the quantity w, which is related to ratio of the
difference between simulation and experiment, and the
measurement error:

w2 ¼
1

Ndata
�
XNdata

i¼1

ðFsim;i � Fexp;iÞ
2

DF2
exp;i

, (10)

with Fsim;i the simulated fragment density at location i,
Fexp;i the measured fragment density at location i, DFexp;i
the measurement error at location i, and Ndata the number
of measurement locations.
The measurement error has contributions from debris

pick up (estimated as 10%), and from the discretization of
distances. Many combinations of the initial fragment
velocity and the launch angle standard deviation, result
in predictions with an optimal and equal value for w. This is
caused by the equivalence between a small initial velocity
and a broad distribution, and a large initial velocity and a
sharp distribution. In Fig. 10 these combinations are
plotted with a red line. For high velocities the required
standard deviation approaches a limit value in the order of
61. For an initial velocity smaller then 300m/s it is not
possible to reach the largest observed fragment distances.
The required standard deviation has a value between 61
and 71 for the more realistic values for the initial velocities
(1300–1900m/s). Fig. 10 also shows a contour representing
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a value of 2 times the optimal value for w. The model offers
the opportunity to derive the most probable initial
conditions based on experimental pick-up data.
6. The number of hits and the consequences

The total item density can be determined by addition of
the contributions from the different mass classes (depen-
dency on s2 and s3 is omitted from this point onwards):

F ¼
XK

k¼1

Fk.

However, in the evaluation of the consequences the
different mass classes have to be treated separately. The
number of hits due to mass class k on a certain object, can
be calculated from the item density and the impact angle.
The object is defined by a horizontal area A and a vertical
area S, as illustrated in Fig. 11. The vertical area generates
a ‘shadow area’ Ak:

A0k ¼
S

tan aI ;k
,

with aI,k the impact angle, which depends on the mass class
k.

As a result the number of hits can be formulated as

Nhits;k ¼ Fk � ðAþ A0kÞ.

It is assumed here that the item density is constant within
areas A and Ak

0, and that trajectories have a downward
direction at heights below the object height. This might be
violated close to the source.

The total number of hits can be determined by the
contributions from the different mass classes:

Nhits ¼
XK

k¼1

Nhits;k.

The consequences of throw can be determined from the
number of hits on an object for the different mass classes
and their impact velocities. PGS01 [32] reports relations
for the probability of lethality and damage level, based on
the item mass and impact velocity. With this information,
the consequences can be calculated at any location in the
field.
A

S

A′k�1,k

Fig. 11. Illustration of the ‘shadow’ area A0.
7. Discussion and conclusion

A universal throw model has been presented, and its
applications have been discussed. The basis of the model is
the source function theorem, a mathematical relation
between the item density and the distributions of mass,
launch velocity and launch direction. The theorem gives
fundamental insight in the phenomenon of throw.
The model can be applied under the condition that only

one source variable (the primary source variable) influences
the trajectories. For example, in the case of a point source,
the impact distances are determined only by the launch
angle but not by the azimuthal angle. Under this condition
the required number of trajectory calculations can be
dramatically reduced when compared to the established
Monte Carlo approach.
The model gives the item density as a continuous

function of the field variables. This is an important
advantage, especially at locations with small values of the
item density. With a Monte Carlo approach, these small
values can only be obtained with a very large amount of
simulations.
The quality of the model predictions is largely deter-

mined by the quality of the initial distributions. If
uncertainties exist in the initial conditions, the model can
be used to investigate these initial conditions based on
experimental data. This has been illustrated on the basis of
a trial with 5 ton of ammunition stacked in an ISO
container. In this case the model has been successfully
applied to determine the debris launch angle and velocity
distribution, by means of backward calculations.
There are some sources of error related to idealizations

in the model. The first is determined by the translation of a
construction to an idealized geometry. When an ammuni-
tion magazine wall is represented by a point source, reliable
predictions of the debris density can only be expected at
large ratios of distance versus magazine dimensions.
Furthermore, it is assumed that the initial velocity does

not vary with the primary source variable, and that the
initial velocity is constant within a mass class. The last
assumption can be expected to be valid by dividing the items
over a sufficient amount of mass classes. For debris throw
from ammunition magazines the validity of these assump-
tions is under investigation within the Klotz Group [16].
If sufficient information on the initial conditions is

available, the model can be used as an effect model in risk
assessment methods, or for the requirements on protective
measures. The model can be used to predict safety
distances based on any desired criterion. An example is
the IBD (inhabited building distance) which is defined as
the distance above which the probability of lethality drops
below 1% [23].
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